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A NON-STEADY COMPARTMENTAL FLOW MODEL OF
THE CEREBROVASCULAR SYSTEM
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Technology, Haifa 32000, Israel

Abstract—A lumped parameter compartmental model for the cerebrovascular fluid system is constructed
and solved for the general linear problem of a nonsteady flow with constant resistances and compliances.
The model predicts the intracranial pressure waves in the various compartments of the brain in response to

pressure changes in the vascular system.
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INTRODUCTION

This paper summarizes the first stage of a research
aimed at modelling the movement of fluids and
chemicals in the cerebrovascular system. Here we
present the solution of the non-steady flow with
constant resistances and compliances; namely the
general linear problem—in its entirety.

The lumped-parameter compartmental model of the
cerebrovascular system is the first step towards a more
comprehensive modelling of the cerebral content con-
sidered as a material continuum both on the macro and
on the micro-scales. By the compartmental approach,
the intracranial content is divided into a number of
subunit compartments the behaviour of each of which
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is represented by a single pressure parameter and by a
single fluid discharge, both functions of time but not of
space. The resistance to flow due to a particular vessel
type is lumped at the outflow of its compartment.
Likewise, the integrated change in volume of each
compartment of the system is representable as an
overall compartmental property and the functional
interaction between the components of the lumped
parameter system is assumed to be at the interfaces
between adjacent compartments.

Monro’s (1783) first model of the intracranial cavity
was bi-compartmental: brain and blood as two almost-
incompressible phases. Kellie (1824), Monro’s pupil,
modified this hypothesis by assuming three instead of
two material compartments, namely arteries, veins and
brain tissue. The Monro—Kellie doctrine prevailed to
this century and was only relaxed in stages. The
number of fluid compartments was increased to six:
arterial, capillary, venous, venous sinus, jugular bulb
and cerebrospinal (CSF ) (Agarwal, 1971). Yet, the fluid
itself remained incompressible. More recent ap-
proaches relaxed the latter assumption and the fluid
was taken as being linearly compressible, ie. the
change in pressure and the change in volume are
proportional to each other and the coefficient of
proportionality, the bulk modulus or its inverse—the
compliance, are constants. As to the brain tissue, in
essence a multiphasic material continuum, the exper-
imental results pointed at non-linear elasticity of the
tissue or, alternatively, the nonlinearity of the compli-
ance (Marmarou et al., 1975; Miller, 1975; Hakimet al.,
1976; Lewer and Bunt, 1978; Chopp and Portnoy,
1980). To overcome the ‘non-linearity’ of a single
coefficient, more complex models of single-phased,
multi-parameter viscoelastic materials were intro-
duced such as the one consisting of four viscoelastic
coefficients known as the ‘three-parameter solid’,
coupled dynamically with another elastic element
(Pamidi and Advani, 1978).

Our model consists of seven compartments, namely
the six compartments listed above and the brain tissue
compartment (Fig. 1). The lumped resistances are:
between the artery (A) and capillary (C) compartments
(R 4¢), the capillary (C) and cerebrospinal fluid (F)
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Fig. 1. Lumped-parameter seven-compartmental model of the intracranial cerebrovascular fluid system
(R-resistance, C—compliance; [ ] pressure (mmHg); () flow mlmin~'); { ) volume (ml).

compartments (R ), the capillary (C) and brain tissue
(B)compartments (R ), the capillary (C) and vein (V)
compartments (R, ), the brain tissue (B) and vein (V)
compartments (R, ). The cerebrospinal fluid (F) and
the brain (B) compartments (Rgp), the vein (V') and
venous sinus (S) compartments (R,s), the cerebro-
spinal fluid (F ) and the venous sinus (S) compartments
(Rrs) and between the venous sinus (S) and jugular
bulb (J) compartments (Rg;); altogether nine resist-
ances. In Fig. 1, the capillary compartment and the R ,
resistance are subdivided into the chambers of the
choroid plexuses (those tufts of small capillary vessels
inside each of the four cerebral ventricles) and the
capillary system outside the ventricles. However, in the
equations to follow, only the combinations of R '
+R,c' =R} and RS + Ry ! = Ry appear so
that the lumped resistances, R ,-and R, into and out
of the capillary compartment prevail. Nevertheless, it is
justified to conserve the individual components of R ;¢
and R, because the latter relate to anatomically
distinct features through which different flows take
place. We note that the lumping is a consequence of the
fact that the pressure difference across the components
is the same.

The resistances R, Rcp and Ry are identified as
the blood-brain barrier; the blood-cerebrospinal fluid
barrier and the cerebrospinal fluid-brain barrier
respectively.

The compliance elements C;; indicate that an in-
crease in volume of one compartment equals the
volume of the cup formed by the deformed membrane.
This volume in turn equals the volume displaced from
the neighboring compartments, all this within the

overall rigid container of the skull (the Monro—Kellie
doctrine).

In the non-steady state the deformability of the
compartments due to the pulsatory motion of the
arteries is taken into account. Thus, first we introduce a
compliance element C ,; between the artery and the
brain tissue compartments. Next, the capillary system
is considered non-deformable so we do not insert
compliances between this compartment and any of its
neighbours. The choroid plexuses, however, although
being capillary in character, possess other material
properties and can—and in fact, do—convey pul-
sations to the CSF system (Bering, 1955) so that a
compliance element C is introduced between them.
Further, the CSF system and the brain tissue share
common boundaries at the ventricles and along the
sub-arachnoidal space which are mechanically de-
formable. A compliance element C.y is therefore
inserted between the two. Finally, additional com-
pliance elements C, and Cg are introduced respect-
ively between the brain tissue and venous compart-
ments and between the CSF and venous sinus com-
partments, to account for possible changes in fluid
accumulation between the considered compartments
and in order to reduce the high pressure in the
cardiovascular passage. There is no compliance el-
ement between the sinuses and the large jugular veins
because the jugular bulb is assumed rigid, with very
small storage changes. Altogether, in our presentation,
we assume five compliance elements between the
cerebrovascular elements.

The mechanical properties of ‘resistances’ and ‘com-
pliances’ are ‘symmetric’ with respect to the inter-
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change of direction between one compartment and
another. These are outcomes of the law of action and
reaction. In general formulae,

R, c=Rey
Cug=Cpy4

Rep= Rpe  etc.
Cep=Cpe cetc. (1)

Three results obtained by running the model pre-
sented here for cases of interest indicate that the model,
even in its present form, can simulate certain features
actually observed clinically. The first relates to the
observed displacement of the main ventricle peripheral
boundary. By computing the value of the compliance
between the F-compartment and the brain tissue one,
approximating the configuration of the F-
compartment to a sphere, Karni et al. (1987) showed
that this displacement is of the order of magnitude
actually observed by Lewer and Bunt (1978).

The second indication relates to the pressure vari-
ations in the jugular bulb. Sorek et al. (1988a), by
employing the model presented here, predict that a
negative pressure appears during certain portions of
the pressure cycle in the jugular bulb compartment.
Such negative pressure is indeed observed in reality.
Also the model predicts zero pressure in the sinus
during certain portions of the cycle, a fact that is also
accounted for the action of the heart.

Finally, as shown in this paper, the model predicts
the excessive accumulation of CSF in the F-
compartment (known as Normal Pressure Hydro-
cephalus), as a result of clogging of the passage
between the capillaries and the brain tissue compart-
ments. Sorek et al. (1988b) report observing this
relation and discuss the use of it in relieving the
pressure by transplanting a shunt.

COMPARTMENTAL MODEL EQUATIONS

The assumptions underlying the hydrodynamical
model of the circulatory cerebrovascular system may
now be summarized as follows.

(1) Functional brain elements, represented by com-
partments, are characterized by ‘mean’ or ‘lumped
parameter’ quantities. Pressure and fluid flux are of
interest to us here.

(2) The fluid is single phased, incompressible and
Newtonian. From the physical point of view, there is
no differentiation between blood and CSF.

(3) The flow is laminar and the relation between the
flow rate and pressure drop is linear, i.e.

AP
=R 2
where R is the resistance.

(4) For the distensibility (elasticity) of the element
of brain, a linear function holds between the volume
change AV and the pressure drop AP namely

AV =C-AP ?)
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where the coefficient of proportionality, C, is the
compliance.

(5) The system is isothermal and thermodynami-
cally stable.

The explicit continuity equations for the balance of
mass for the various compartments now read

For the artery (4) compartment

PA_PC
Ruc

d
Q.= +CABE?(PA_PB)' 4)

For the brain tissue (B) compartment

Pc—P, Pp—P, Py—P, d
+ = Cpue (Py—P
R, R,, R,, + BAdt( 53— P4)
d d
+CBVa_t(PB—PV)+CBFd—t(PB—PF). )]

For the capillary (C) compartment

Py=Pc_Pc=Pp Pc=Py

RAC RCF RCB
P.—P d
+-—<~—F 4+ Cep—(Pc—Pp). 6)
cv de

For the cerebrospinal fluid (F) compartment

P.—P; Pp—Pg
RCF RFS

P.—P d
+ 24 Cry— (Pr— Pp)

Reg dt
d d
+CFSE;(PF_P5)+CFCd‘t(PF“Pc)~ (7

For the vein (V) compartment

Pc—Py Py—Py_Py—P;

d
+Cyp— (P, — Pp).
Rey Ry, Ry ”’dt( v— Pp)

®)
For the venous-sinus (§) compartment

P,—P;, P,—P;, P,—P d
¥ S F S5 " J 4 Cy—(Ps—Pr).9)

Ry Rgs Rg, de
For the jugular bulb ( J) compartment
Ps—P,
—=0;. (10)
R, J
Adding (4-10), making use of (1), yields
2.=9, (11

which is a remanifestation of the Monro—Kellie
doctrine.

Equations (4-10) can be grouped into a single
matrix equation of the form

dp
—+2ZP = 12
C3+ZP=Q (12)
where P is the pressure column vector
P ={P,, Py, P, Pg, Py, P}, (13)
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Z is the fluidity (inverse of resistivity) matrix

[ Z,¢ 0 » 0 0 o |
0 [ZCB+ZFB+ZBV] —Zcg —Zpg -Zgy 0
Z-(z,]= [Lj] _ |7 %ac ~Zcp (Zuc+Zer+ZeptZey]) —Zcr —Zcy 0
R 0 —Zgp —Zer (Zep+Zps+Zpgl 0 ~Zfs
0 —Zgy —Zey 0 (Zey+Zys+Zgy]l —Zys
| o 0 0 ~Zgs —Zyg [Zys+ Zgs]
(14)
C is the symmetric compliance matrix
[ C.s —Cup 0 0 0o 0 7]
—Cup [CuptCrp+Cpy] 0 —Crp —Cp O
c=rca-c=| ° ° Cor ~Cer o0 (1)
0 —Crp —Ccr [Cop+Crs+Crgl 0 —Cpg
0 —Cyy 0 0 G, O
L 0 0 0 —Crs 0 Ces |

and Q is the flux column vector
Q={0,00,00, -0;}.

The resistance R, deos not appear in equation (14) as
it is readily obtainable from equation (10).

The matrix equation (12) comprises nine resistances
and five compliances listed in equation (1). Even for the
steady state, whereby all the derivatives with respect to
time vanish identically and equation (12) reduces to

ZP=Q (17

(16)

we are left with the eight resistances (as Rg; is
determined separately) against six independent balance
conditions for the various compartments of the cereb-
rovascular model, excluding the jugular bulb.
However, by virtue of the Monro—Kellie doctrine
which assumes an absolute rigidity of the cranial vault,
only five equations of the six are actually independent.
Thus, the redundancy of the system (17) is three, and
three additional conditions are needed to solve the set.
One of them is the flux @; = 0.3 ml min~' which can
be taken as pivot value with high credibility from the
literature (Cutalar, 1968). Two more conditions have
to be stipulated by physiological data. They, however,
do not assume specific values; instead they are known
to be within certain limits. We shall have, therefore, to
accompany their determination by a sensitivity analy-
sis, sweeping the entire range of variation of possible
values, as discussed in the following section.

EVALUATION OF THE FLUIDITY MATRIX

The intracranial, compartmental flow problem of
the cerebrovascular system lies in the solution of the set
(12) in its entirety. This is an inhomogeneous, first-
order, ordinary differential matrix equation with re-
spect to time. In the previous section, we chose to refer

to the matrices C and Z as constant, a fact that made
(12) a set of linear equations. The respective mean
values were taken as these constants, as a first approxi-
mation. However, in principle, the coefficient matrices
C and Z could be functions of the dependent vector
parameter P which, in turn, depend on the time, ¢.
Thus, basically the problem is non-linear. There are,
however, some passive cases which can be approxi-
mated by the linear problem namely, when C and Z
assume constant values. At any event, even while
dealing with the non-linear problem, we shall have to
pass through the linear case. To the latter, therefore,
our attention is now focused.

The procedure of solution of the linear case is as
follows

(a) Given information about fluxes and pressures,
equation (12) can be solved to yield values for resist-
ances and compliances. This is often referred to as
parameter identification or model calibration.

{(b) When the R;;s and C,;s have been evaluated, the
changes in pressures and rates of fluid flow can be
determined for variations in the rate of fluid discharge
from the heart pump and from the venous outlet.

(c) With the pressures and compliances already
solved, information about the volume changes and
also of the displacements of the compartments under
certain assumptions, can be obtained.

Here, we confine the attention to the parameter
identification and proceed in two stages.

(1) The steady state

For constant pressures, the governing equation is
the particular integral of (12). The matrix equation to
be solved is (17).

The ~ch_a:t of mean pressure variations along the
cerebrovascular fluid system conforms with the press-



A model of the cerebrovascular system 699

ure profile of the cardiovascular system cited in the
literature (e.g. Guyton, 1969, Ch. 14). In the arteries,
the average pressure—between systole and diastole—
is 100 mmHg. It drops to 20 mmHg in the capillaries
including the choroid plexuses; 10 mmHg in the CSF
system, 9.5 mmHg in the brain tissue, 5 mmHg in the
venous system, 2 mmHg in the sinuses and 1-2 mmHg
in the larger veins—jugular and spinal—leading into
the vena cava (Fig. 1). Volumes of the compartments
are also recorded in Fig. 1 as much as they are
documented in the literature.

Given the compartmental mean pressures P¥*
(i=A4,B,C, F,V,8,J), also introducing the abbrevi-
ations P, for the difference in mean pressure between
two adjacent interacting compartments, P¥ = P}
— P¥; similarly, Q5 = Q¥ — Q¥ represents the dif-
ference between the mean fluxes in compartments i and
j- Because @%, Qtand Q% are a priori known, and the
mean pressure values P4, P¥; and P¥, (as all other
mean pressures) are also known, the following el-
ements of Z are immediately solved:

Qi g L L O

— = . (18)
P > Py,

This leaves us with six elements of Z against five
equations for the remaining compartments, four of
which are independent.

To account for the double redundancy, we introduce
the scalar coefficients

RFB ZVS
=== (x> 0) (19)
RVS ZFB
Z
p=re _Zong g o) (20)

Reg  Zrs

Here, o indicates the ratio of the cerebrospinal
fluid—brain barrier to the vein—venous sinus resistance,
whereas f is the ratio of the cerebrospinal fluid-brain
barrier to the blood-brain barrier.

Let us now examine the following cases:

(i) 0 < B < 0. Based on equation (20), solution of
equation (17) leads to

03 ot ;

ZAC=—P;C CF=_P(‘:F’ ZSJ:_PEJ (21.1)
Zy= —— . (21.2)
PPy '
Z,=—2 0% @1.3)
PPy Py '
Zrs=a L aPror-Pron @19

<Py, PY, PRy
aPts— Pty — BPEy 1
z. = s FB CB. 0* 1.5
VT aPh—Ph, PE ’
B .
_ b (21.6)
Zep aPhg— PFBQAF

1+8  Phs .

Zyy=———
BV - . « YAF-
aPys—P¥g Phy
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The lower extreme value of f = 0 is noteworthy of
mention. From the definition of § [equation (20)], it
can assume a zero value in two cases. First, Rgg = 0,
indicating a complete rupture of the cerebro-
spinal-brain barrier. Here, « = 0 also prevails and the
only consistent condition for equation (21.3) to exist
is P¥ = P%, which means that there is hydrodyna-
mical equilibrium and absolute stagnancy of flow
between the CSF compartment and the brain tissue
compartment. To avoid this, the pressures at the CSF
compartment and the brain tissue compartment ought
to differ by some amount, P$ # P}.In the literature, it
is customary to assume that both are in the order of
10 mmHg. In our calculations, we arbitrarily used the
mean values of P$ = 10 mmHg and P} = 9.5 mmHg
(Fig. 1) to enable flow from the F to the B
compartment.

The second possibility for the vanishing of f is
R g — . Physiologically, this means that there is a
complete blockage of the blood-brain barrier; there is
no transmission of blood nutritiants from the capil-
laries to the interstitial fluid of the brain tissue, in
short—a total collapse of the brain. We, therefore, rule
this case out.

There is, however, one more case of an admissible
non-singular solution of the hydrodynamical problem
for B = 0. It occurs when Zpg = 1/Rpg = 0 or, alterna-
tively, from equation (21.4), when « = Q% P¥5/QF P}
This (if P> Py) indicates that there is no direct
drainage of the CSF into the sinuses through the
arachnoidal granulations (the pacchionian bodies), the
CSF compartment considerably increases its size and
the symptoms are those of hydrocephalus.

There is little, indeed almost no data about the
physiological or pathological ranges of « and f. By trial
and error however, we could assume § to be in the
range of 1/1000. This value led to results that have
actually been observed in the clinic. At the same time,
the values of the compliances and resistances obtained
were found to be insensitive to the value of f3, (see
Sorck et al., 1986). To convert this into corresponding
ratios of fluxes designated by a bar instead of ratios of
reesistances, we have by definition,

Bsgg q=2 (22)
so that QFB QFB
5= FPvsZvs _ PusRes _ Pys,
PFBZFB PFBRVS PFB
_ PegZ.g PcgReg P
B=ﬂﬂ=ﬂﬂ=ﬂﬁ. 23)

PFBZFB PFBRCB PFB

For our choice of § = 1/1000, B = 0.021 (cf. Fig. 1). As
illustrations, Figs 2 and 3 present the computer
solution of the set (21) for Rcs{(®) and Rgg(a) respect-
ively in the particular case of B = 0.021 (8 = 1/1000).
The functional dependence of Rz on « is linear,
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whereas that of Rgg(a) is hyperbolic. |

A general sensitivity analysis for the variation of the
resistances R;; in the present case (i) of 0 < f < oo may
follow the same procedure as for case (ii) (f — o)
discussed below. This was not carried out numerically
because, at a later stage, due to the vagueness of the
assumptions about §, the complete solution for the
resistances R;;(«, B), rather than the limited solution of
R;;(a) for the above values of f, has been obtained.
The three-dimensional plottings for the compart-
mental resistances R;;(«, f); later also those for the
compliances C;;(a, ), will be reported separately.

(i) B — oo.1n addition to equation (18), the remain-
ing elements of the matrix Z read

F. F
Zpg=0; ZFS:P*’ Zys= :
Fs 23
1 *
Zey = P2, +7P% Qurs Zgy=7vZcy (29)
v BV
Y Py,
Zoo=—" "BV
< PE, 7Py, Py o

Here, for the sake of a smoother solution, a new
parameter y instead of o has been introduced as the
ratio of the resistances R, and Ry, namely
Rey
y = (25)
RBV
Strictly, the exact value of the ratio y, as much as
those of « and f, is not known. However, we can still
pursue with the sensitivity assessment of the Z el-
ements against a variation in y, P%, and P%,. Let A
denote a deviation from the mean value, then

AP, = AP}, + AP%;. (26)
It follows from equations (24, 25) that
D, = AD; 27
where
Dz ={AZcy,AZcy, AZy, ]
D = [Ay, APEs, AP}y ] (28)

are the difference vectors of the Z elements and of their
arguments respectively and A is the square matrix

- Py -1
_ Qir B ou —P§v<PEV yP'év
=___*AF x, BV CV, BV
(Pt + 7Py Pty Py b Pty
Pty -7

The extreme case of f — oo corresponds to a
complete rupture of the blood-brain barrier (Rq5 = 0)
causing haemorrhage to the entire brain tissue. This is
bound to change the compartmental pressure distri-
bution contrary to our assumption of a steady state.
Use of equations (27-29) is, therefore, confined to the
onset of the occurrence only.

(2) Non-steady flow

An interim solution of the matrix equation (12) for
P=P() and Q = Q(t) when the effect of C is
negligible but not zero, has been discussed elsewhere
(Karni et al., 1987). As an example, for a given arterial
excitation wave P, = P ,(t), the venous—sinus wave
Pg(t) was calculated and checked against the measured
P (t) wave recorded by Hamit et al., 1965, showing a
good matching in wave form, amplitude and
frequency. In this way, after the model is calibrated and
the resistances R;; solved, the complete evaluation of
the pulse wave vector P(f) can be obtained.

EVALUATION OF THE COMPLIANCE MATRIX

We now proceed to the complete solution of the
non-steady flow problem for the compartmental
model with constant coefficients, namely the general
linear problem.

Equation (12) is rearranged to read

dP (1)
C——=Q@—ZP()=B(t) (C,Z = constants).

dt
(30)

Information scarcely exists about the time dependency
of the vector Q(t) at all compartments. We, therefore,
begin with the average pressure vector P* and the
average flux vector Q* and solve for the matrix Z,
which by our assumption is now time-independent
from equation (30), namely

B* = Q*—ZP =0.

That describes the steady state flow discussed above.
We then derive information about the values of P(t)
and P(t) = dP(t)/dt at various times t from clinical
data of simultaneous pulse wave recordings at the
different compartments (such as from Hamit et al,
1965). Equation (30) now yields an n-set of relations
for the compliances for each time value t which is of the
form

"PC ="b (31)
—(1+7)
+ 1>'y Y (29)
—v(1+7y)
"Pas _
"Pcr
d"p
="p= "p 32
il Pev (32)
Prs
"pFB 5x5
C = {C4p,Ccr, Cpy Crs, Cpg}sx1 (33
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-ZSJ"PSH_ZAC"PAC
ZAC"PAC—ZCV"PCV_ZCF"PCF_ZCB"PCB
ZVS"PVS_ZCV"PCV_ ZBV"PBV

ZSJ"PSJ - ZVS”PVS - ZFS"PFS

" =

-

Applying the Gauss-Markov theorem, the C values
are obtained by an assortment of the set of infor-
mations at all (n) given time observations, namely

c="m)'n’s (35)
147]
b
= (36)
"i’d nxS
B=['b2b,..."],., (37

Y. *Pup(Zs,*Ps;— Z 4 *Pyc)

(34)

—Zs)"Pyy+ Zy("Pyc+ Zys"Pys—Zo"Pey— Z " Py — ZFB"PFB_‘ 5x1

extended to include the general case of C;; = C;; (a, ).
The three dimensional C;;(a, ) plottings will be rep-
orted separately. This concludes the calibration of the
compartmental model for the cerebrovascular flow
system.

EVALUATION OF THE COMPARTMENTAL PULSE WAVE
FORMS

Within the framework of this work, which discusses
the compartmental cerebrovascular flow problem with

Cp=2" _ (38.1)
Y. (*P )
k=1
n
Z kPCF (ZAC"PAC—ZCV"PCV—ZCF,‘PCF_ZCB"PCB)
Cop =422 - (38.2)
Y CPe)
k=1
n
Z kPBV(ZVskPVS—ZCV"PCV—ZBV“PBV)
Cpy =21 . (38.3)
Y (Pgy)?
k=1
Z PFS(ZSJ"PSJ - ZVS"PVS_ ZFS,‘PFS)*
Cps =" ; (38.4)
kgl (kPFS)Z
n
Z kPFB(ZACkPAC + ZVS,‘PVS— ZS.I"PS.I - ZCV“PCV_ ZCB"PCB - ZFBkPFB)
Crp="1 (38.5)

Y ¢Prg)

k=1

From the clinical measurements of Hamit et al.
(1965), the five compartmental compliances listed in
equation (33) have been calculated for the values
o = 1000, = 1/1000. They are

C,5=0.0155ml mmHg™' {(constant for a, B)
Ccr = 0.0364 mlmmHg ™!
Cgy = 0.3180 ml mmHg ™"
Crs = 00334 ml mmHg ™'
Cpg = 0.1830 ml mmHg ™'

(constant for f)

At a later stage, the numerical solution has been

constant resistance R;; and compliances C;; namely the
general linear problem, once the model has been
calibrated, it is possible to obtain solutions for the
pressure—time variations P (f) at all the compartments.

Solution of the matrix equation (12) in incremental
form is given by

Puran=exp(~x)[Py—2Z7'Q1+2Z7'Q (39)

Here, At = t,,, —, denotes a time step between the
frontier time level ¢, ., and backtime level z,. The
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matrix x equals

k=At-C'Z (40)

The rational expansion of exp(—k) leads to the
following formula

I-(1-0)k
|
where I is the 6 x 6 unit matrix. A substitution of
equation (41) into equation (40) now reads

Piyag> (I+0x)” ! [1—(1-0)]
X [P(,)—Z_lQ]+Z71Q.

The coefficient 8 controls the type of solution which
evolves in time. When 6 =0, we have an explicit
scheme; when 8 = 1 we have an implicit scheme and
when 0 < 6 < | we have a mixed scheme. Thus, with
the choice of 6, equations (18, 21) or (24, 38 and 42)
constitute the complete solution of the non-steady,
compartmental cerebrovascular flow problem with
constant resistances and compliances. In addition,
being phrased as a first-order differential matrix
equation [equation (12)] sufficient boundary con-
ditions ought to be given to enable us derive complete
expressions for the compartmental pressure waves.
Unfortunately, because of lack of clinical data, rigour
has to give way to speculations from this stage onward.
We can only express the hope that the information gap
will close itself before long.

0<6<1l) @l

(42)

CONCLUSION

A compartmental model to investigate the non
steady flow of the cerebrovascular system was de-
veloped. This model is an extension to a quasi steady
flow model published earlier (Karni et al., 1987).

In vivo quantitative measurements of mechanical
properties (e.g. fluid’s phasic pressure and flux, tissue
deformation and stress as a function of time), in the
various vessels, ventricles and brain tissues of the
cerebral system are rare. Those measurements are
unique for every human being undergoing changes
while maturing and may also be affected by disease.

The model presents a methodology that can be
applied to any specific case given its input of phasic
pressure and flux curves in the internal common
carotid artery. Thus if those inputs are attained say by
noninvasive measurements, the model yields pressure
mapping of the lumped cerebrovascular system.

Predictions are well within the range of available
clinical observations regarding (1) degree of defor-
mation of the ventricles [evaluated by Karni et al.
(1987) and Sorek et al., (1986) and measured by Lewer
et al., (1983)], (2) appearance of suction pressure in the
jugular bulb during some interval of the pressure
period (Sorek et al., 1988a) (3) occurrence of normal
pressure hydrocephalus when flow passage between
capillaries and brain tissue is occluded. This prediction
was confirmed by an actual head surgery reported by
Sorek et al. (1988b).

The present lumped parameter model is based on
discretizing the cerebral system into seven character-
istic compartments with fluidities (reciprocal of resist-
ances)and compliances both assumed as step functions
in time. Hence in prolonged excitations such as
diseases, a different set of mean fluidity and com-
pliance coefficients is determined to describe a new
linear system. This set of coefficients is evaluated by an
inverse procedure and by minimal sensitivity of the
fluidities and compliances with respect to changes in
resistance ratios of cerebrospinal fluid—brain barrier
to the vein-venous sinus and the blood-brain barrier
one. A detailed explanation of the involved inverse and
sensitivity procedures is reported separately (Sorek et
al., 1986).

The cerebral system is a complex continuum
medium where a saturated solid phase matrix (brain
tissue) interacts with fluid phases in the vessels and in
the ventricles. Yet the present compartmental model
enables a prediction of averaged trends and response
of the system when subject to pressure and flux
excitations.
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